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QUASIPRIMITIVE GROUPS AND BLOW-UP DECOMPOSITIONS
ROBERT W. BADDELEY, CHERYL E. PRAEGER, CSABA SCHNEIDER
Abstract. The blow-up construction by L. G. Kova´cs has been a very useful tool to study embeddings
of finite primitive permutation groups into wreath products in product action. In the present paper
we extend the concept of a blow-up to finite quasiprimitive permutation groups, and use it to study
embeddings of finite quasiprimitive groups into wreath products.
1. Introduction
It is an important problem in the study of permutation groups to describe, in as much detail as
possible, the inclusions among different classes of groups. For primitive groups this problem was solved
by the second author in [Pra90]. The special case of describing the possible inclusions of primitive groups
into wreath products in product action relied on the concept of a blow-up defined by L. G. Kova´cs in his
seminal paper [Kov89a].
A finite permutation group is said to be quasiprimitive if all its non-trivial normal subgroups are
transitive. In our research into quasiprimitive permutation groups and their actions on combinatorial
objects we found it necessary to extend the results of [Pra90] and to study the class of inclusions of
quasiprimitive groups into wreath products in product action. It turned out that the class of these
inclusions is much richer than that of the primitive groups. In order to give a detailed description in our
case, we generalised in [BPS04] the concept of a system of product imprimitivity introduced by Kova´cs
in [Kov89b] and defined the concept of a Cartesian decomposition. The stabiliser, in a finite symmetric
group, of a homogeneous Cartesian decomposition of the underlying set is a wreath product, in product
action, of smaller symmetric groups. Thus the problem of finding the set of such wreath products
in product action that contain a given permutation group G is equivalent to finding all G-invariant
homogeneous Cartesian decompositions of the underlying set. The details of this work can be found
in [BPS04, BPS05, BPSxx, PSxx]. Our efforts made it possible in [BadP03] to describe satisfactorily the
inclusions of quasiprimitive groups into wreath products in product action. The philosophy behind this
description is the same as in [Pra90]: define several classes of natural inclusions, and give a complete
description of the exceptional inclusions.
The natural inclusions in the case of primitive groups correspond to blow-up decompositions as defined
by Kova´cs [Kov89a]. We found it necessary to define a similar concept for quasiprimitive groups. However,
we also want this new concept to fit into our more general combinatorial framework. Hence, we first
introduce the class of normal Cartesian decompositions. Informally speaking, if E = {Γ1, . . . ,Γℓ} is a
normal Cartesian decomposition for a permutation group G , then G has a transitive normal subgroup
M which can be written as a direct product M = M1 × · · · ×Mℓ in such a way that M1 × · · · ×Mℓ
acts in product action on Γ1 × · · · × Γℓ . We define a blow-up decomposition for a permutation group as
a special type of normal Cartesian decomposition. It is not hard to see that the blow-up decomposition
given by Kova´cs in [Kov89a] is equivalent to our blow-up decomposition defined in Section 3 for the class
of primitive groups whose socle is non-regular; see also Theorem 5.4.
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The aim of this paper is to study blow-up decompositions of quasiprimitive groups. In particular we
investigate the extent to which a quasiprimitive permutation group can be recovered from knowledge of
its components under a blow-up decomposition. We also prove an important theorem that was stated
without proof, and used, in [BadP03] (see Theorem 6.1).
The structure of the paper is as follows. In Section 2 we review some well-known facts about wreath
products and quasiprimitive groups. In Section 3 we give the definition of a Cartesian decomposition,
and we define normal decompositions and blow-up decompositions. In Section 4 we investigate the
relationship between a quasiprimitive group and its components under a blow-up decomposition. In
Section 5 we study normal decompositions that are not blow-ups. Finally in Section 6 we state and prove
Theorem 6.1 which was used in the study [BadP03] of inclusions of quasiprimitive groups.
In this paper we use the following notation. Permutations act on the right: if π is a permutation and
ω is a point then the image of ω under π is denoted ωπ . If G is a group acting on a set Ω and Γ is a
subset of Ω, then GΓ and G(Γ) denote respectively the setwise and the pointwise stabiliser in G of Γ.
All groups that appear in this paper are finite.
2. Primitive and quasiprimitive groups
First in this section we review wreath products and their product actions, as they play an impor-
tant part in our research. Let Γ be a finite set, L 6 SymΓ, ℓ > 2 an integer, and H 6 Sℓ . The
wreath product L ı H is the semidirect product Lℓ ⋊ H , where, for (x1, . . . , xℓ) ∈ Lℓ and σ ∈ H ,
(x1, . . . , xℓ)
σ−1 = (x1σ, . . . , xℓσ). The product action of L ıH is the action of L ıH on Γℓ defined by
(γ1, . . . , γℓ)(x1, . . . , xℓ) = (γ1x1, . . . , γℓxℓ) and (γ1, . . . , γℓ)σ
−1 = (γ1σ, . . . , γℓσ)
for all (γ1, . . . , γℓ) ∈ Γ
ℓ , x1, . . . , xℓ ∈ L , and σ ∈ H . The important properties of wreath products can
be found in most textbooks on permutation group theory, see for instance [DM96].
The holomorph of an abstract group M is the semidirect product M ⋊ AutM . If M is a regular,
characteristically simple permutation group acting on a set Ω, then Ω can be identified with the under-
lying set of M , and HolM can also be viewed as a subgroup of SymΩ. It is well-known that in this case
NSymΩ (M) = HolM .
Following [BadP03, Section 3], we distinguish between 8 classes of finite primitive groups, namely HA,
HS, HC, SD, CD, PA, AS, TW, and 8 classes of finite quasiprimitive groups, namely HA, HS, HC,
Sd, Cd, Pa, As, Tw. The type of a primitive or quasiprimitive group G can be recognized from the
structure and the permutation action of its socle, denoted SocG . Let G 6 SymΩ be a quasiprimitive
permutation group, let M be a minimal normal subgroup of G , and let ω ∈ Ω. Note that M is a
characteristically simple group, and, if M is non-abelian, then a subdirect subgroup of M is meant to
be subdirect with respect to the unique finest direct decomposition of M . The main characteristics of G
and M in each primitive and quasiprimitive type are as follows.
HA: M is abelian, CG(M) =M and G 6 HolM . The group G is always primitive.
HS: M is non-abelian, simple, and regular; SocG = M × CG(M) and G 6 HolM . The group G is
always primitive.
HC: M is non-abelian, non-simple, and regular; SocG = M × CG(M) and G 6 HolM . The group
G is always primitive.
Sd: M is non-abelian and non-simple; Mω is a simple subdirect subgroup of M and CG(M) = 1. If,
in addition, G is primitive then the type of G is SD.
Cd: M is non-abelian and non-simple; Mω is a non-simple subdirect subgroup of M and CG(M) = 1.
If, in addition, G is primitive then the type of G is CD.
Pa: M is non-abelian and non-simple; Mω is a not a subdirect subgroup of M and Mω 6= 1;
CG(M) = 1. If, in addition, G is primitive then the type of G is PA.
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As: M is non-abelian and simple; CG(M) = 1. If, in addition, G is primitive then the type of G is
AS.
Tw: M is non-abelian and non-simple; Mω = 1; CG(M) = 1. If, in addition, G is primitive then
the type of G is TW.
It is not hard to prove that if G is a permutation group with at least two transitive minimal normal
subgroups then G is primitive of type HS or HC.
3. Cartesian decompositions preserved by quasiprimitive groups
A Cartesian decomposition of a set Ω is a set {Γ1, . . . ,Γℓ} of proper partitions of Ω such that
|γ1 ∩ · · · ∩ γℓ| = 1 for all γ1 ∈ Γ1, . . . , γℓ ∈ Γℓ.
The number ℓ is called the index of the Cartesian decomposition {Γ1, . . . ,Γℓ} . A Cartesian decomposition
is said to be homogeneous if its partitions have the same size.
If G is a permutation group acting on Ω, then a Cartesian decomposition E of Ω is said to be G-
invariant, if the partitions in E are permuted by G . In this case, for Γ ∈ E , the permutation group
induced by GΓ on Γ is denoted G
Γ and is referred to as a component of G . If G acts transitively on E ,
then E is said to be a transitive G-invariant Cartesian decomposition.
Let E = {Γ1, . . . ,Γℓ} be a Cartesian decomposition of a set Ω. It follows from the last displayed
equation that the following map is a well-defined bijection between Ω and Γ1 × · · · × Γℓ :
ϑ : ω 7→ (γ1, . . . , γℓ) where for i = 1, . . . , ℓ, γi ∈ Γi is chosen so that ω ∈ γi.
Now suppose that G is a permutation group on Ω and that E is G-invariant. Then there is a faithful
action of G on Γ1 × · · · × Γℓ given by
(γ1, . . . , γℓ)g = (δ1, . . . , δℓ) for all γ1 ∈ Γ1, . . . , γℓ ∈ Γℓ and g ∈ G
where δ1 ∈ Γ1, . . . , δℓ ∈ Γℓ are defined by {δ1, . . . , δℓ} = {γ1g, . . . , γℓg} . (Note that the definition of a
Cartesian decomposition ensures that the sets Γ1, . . . ,Γℓ are disjoint.) We observe that (ϑ, ι), where
ι : G→ G is the identity map on G , is a permutational isomorphism from G on Ω to G on Γ1×· · ·×Γℓ ,
that is
(ωϑ)g = (ωg)ϑ for all ω ∈ Ω and g ∈ G.
Suppose, in addition, that E is homogeneous, and set Γ = Γ1 . Then for i = 1, . . . , ℓ there exists a
bijection αi : Γi → Γ , whence we have a bijection ϑ
′ : Ω→ Γℓ given by
(1) ϑ′ : ω 7→ (γ1α1, . . . , γℓαℓ) for all ω ∈ Ω,
where ωϑ = (γ1, . . . , γℓ). Let χ be the isomorphism Sym (Ω) → Sym (Γ
ℓ) induced by ϑ′ . Then (ϑ′, χ)
restricts to a permutational isomorphism from G on Ω to Gχ on Γℓ . It is clear that Gχ is contained in
the wreath product Sym (Γ) ı Sℓ in its product action on Γℓ . Moreover the image of Γi under ϑ′ is the
partition of Γℓ with the parts indexed by Γ, such that the γ -part is the set of all ℓ -tuples of Γℓ with
i -th entry γ . The set Eϑ′ = {Γ1ϑ
′, . . . ,Γℓϑ
′} is a Gχ-invariant Cartesian decomposition of Γℓ .
In addition to the assumptions in the previous paragraph, suppose now G is transitive on E , and
set Γ = Γ1 . Then for all i = 1, . . . , ℓ , there exists an element gi ∈ G such that Γigi = Γ. Define
the bijection αi : Γi → Γ by αi : γ 7→ γgi for all γ ∈ Γi . Let ϑ
′ be given by (1), and, as before,
let χ : Sym (Ω) → Sym (Γℓ) be the isomorphism induced by ϑ′ . Direct calculation shows that Gχ is
contained in GΓ ı Sℓ . In this paper, we will often identify G with Gχ .
Let M be a transitive permutation group on a finite set Ω and let E be an M -invariant Cartesian
decomposition of Ω. Suppose further that M(E) =M and, for Γ ∈ E , M can be written as M =M1×M2
where M1 is a normal subgroup of M and M2 is the kernel of the M -action on Γ. It follows that the
M1 -action on Γ must be faithful, and so we may naturally identify M1 with M
Γ . In this situation we
say that the Cartesian decomposition E is M -normal if M =
∏
Γ∈E M
Γ . If E is a G-invariant Cartesian
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decomposition of the underlying set of some permutation group G then E is said to be normal if E is
M -normal for some transitive normal subgroup M of G . In this case M =
∏
Γ∈E M
Γ , and, for Γ ∈ E ,
we denote
∏
Γ0 6=Γ
MΓ0 by MΓ .
In the next lemma we summarise some basic properties of normal Cartesian decompositions.
Lemma 3.1. Suppose that M is a transitive permutation group acting on Ω , E is an M -normal Carte-
sian decomposition of Ω , and let Γ ∈ E . Then the following all hold.
(a) The group MΓ is transitive on Γ .
(b) For γ ∈ Γ and ω ∈ γ , we have (MΓ)γ =Mω ∩M
Γ .
(c) If ω ∈ Ω , then Mω =
∏
Γ′∈E
(
Mω ∩M
Γ′
)
.
(d) The partition Γ is the set of MΓ -orbits and MΓ =M(Γ) .
Proof. Let E = {Γ1, . . . ,Γℓ} . Without loss of generality we will prove parts (a), (b), and (d) in the case
Γ = Γ1 .
(a) Suppose that γ1, γ2 ∈ Γ1 and let ω1 and ω2 be arbitrary elements of Ω such that ω1 ∈ γ1 and
ω2 ∈ γ2 . Then there is some m ∈ M such that ω1m = ω2 . As Γ1 is a system of imprimitivity for M ,
it follows that γ1m = γ2 . Suppose that m = m1 · · ·mℓ such that mi ∈ M
Γi . Then γ1m = γ1m1 = γ2 .
Thus MΓ1 is transitive on Γ1 .
(b) Let ω ∈ Ω and γ1 ∈ Γ1 such that ω ∈ γ1 . As the partition Γ1 is a system of imprimitivity
in Ω for the M -action, we obtain that Mω ∩M
Γ1 6 (MΓ1)γ1 . Suppose that m ∈ (M
Γ1)γ1 and that
{ω} = γ1∩γ2 · · ·∩γℓ for some γ2 ∈ Γ2, . . . , γℓ ∈ Γℓ . Since m ∈M
Γ1 , the element m stabilises γ2, . . . , γℓ ,
and, by assumption, m also stabilises γ1 . Hence m stabilises ω , and so (M
Γ1)γ1 6Mω∩M
Γ1 . Therefore
(MΓ1)γ1 =Mω ∩M
Γ1 .
(c) Assume that {ω} = γ1 ∩ · · · ∩ γℓ as in part (b). Then (M
Γ1)γ1 × · · · × (M
Γℓ)γℓ 6 Mω . On the
other hand, by part (a),
|M : (MΓ1)γ1 × · · · × (M
Γℓ)γℓ | = |M
Γ1 : (MΓ1)γ1 | × · · · × |M
Γℓ : (MΓℓ)γℓ |
= |Γ1| × · · · × |Γℓ| = |Ω|,
and so
Mω = (M
Γ1)γ1 × · · · × (M
Γℓ)γℓ = (Mω ∩M
Γ1)× · · · × (Mω ∩M
Γℓ).
(d) Suppose, as above, that {ω} = γ1 ∩ · · · ∩ γℓ for some ω ∈ Ω and γ1 ∈ Γ1, . . . , γℓ ∈ Γℓ . As Γ1 is a
block-system for the action of M on Ω, the block γ1 is stabilised by
K1 =
(
Mω ∩M
Γ1
)
×MΓ1 = (MΓ1)γ1 ×M
Γ1 .
On the other hand, by part (b), |M : K1| = |Γ1| , and so Γ1 is the system of imprimitivity for M
corresponding to the overgroup K1 of Mω . Thus γ1 = ω
K1 . As MΓ1 ✁M , the set Σ of MΓ1 -orbits is
also a system of imprimitivity for M . It suffices to prove that the block σ ∈ Σ containing ω is equal to
γ1 . If ω
′ ∈ γ1 = ω
K1 , then there is some m ∈ K1 , such that ω
m = ω′ . Write m as the product m1 · · ·mℓ
where mi ∈M
Γi for i = 1, . . . , ℓ . Then, as m1 ∈Mω , we have ω
m = ωm2···mℓ . Since m2 · · ·mℓ ∈MΓ1 ,
we obtain ω′ ∈ σ . Therefore γ1 ⊆ σ . On the other hand, as MΓ1 6 K1 , it follows that σ ⊆ γ1 . Thus
σ = γ1 and the two block systems Σ and Γ1 coincide.
Since MΓ1 is normal in M and fixes γ1 , it follows that MΓ1 6 M(Γ1) . On the other hand, let
m ∈ M(Γ1) . Then m = m1 · · ·mℓ , where mi ∈ M
Γi for all i . As m2 · · ·mℓ ∈ M(Γ1) , it follows that
m1 ∈ M(Γ1) and m1 fixes each Γi pointwise. Therefore m1 lies in the kernel of the M -action on Ω,
and, since M is faithful, m1 = 1. This proves that M(Γ1) 6M
Γ1 , and hence MΓ1 =M(Γ1) . 
The next result shows that a normal Cartesian decomposition is always normal with respect to a
transitive minimal normal subgroup.
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Theorem 3.2. Let G be a permutation group on Ω , M a transitive, non-abelian, minimal normal
subgroup of G , and let E be a normal G-invariant Cartesian decomposition of Ω . Then E is M -normal
and G is transitive on E .
Proof. Let N be a normal subgroup of G , such that E is N -normal, and let Ni = N
Γi , where
E = {Γ1, . . . ,Γℓ} . By the definition of N -normal, N = N1 × · · · × Nℓ . Suppose first that M 6 N .
We claim that
(2) M = (N1 ∩M)× · · · × (Nℓ ∩M).
Note that N = Ni ×Ni and M E N . Since M is a non-abelian minimal normal subgroup of G , M is
a direct product of isomorphic non-abelian simple groups. Let T be a simple direct factor of M . For
i ∈ {1, . . . , ℓ} let σNi be the projection map N → Ni . As T is a non-trivial subgroup of N , there exists
i such that σNi(T ) is non-trivial, whence σNi(T )
∼= T as T is a non-abelian simple group. We claim
that T 6 Ni . Choose x ∈ σNi(T ) with x 6= 1. As M is a normal subgroup of G , the subgroup T
x is
also a minimal normal subgroup of M , and we see that either T = T x or [T, T x] is trivial. If the latter,
then
1 = σNi([T, T
x]) = [σNi(T ), (σNi(T ))
x] = [σNi(T ), σNi(T )];
but the last term is non-trivial as σNi(T ) is a non-abelian simple group. Hence the former holds, that
is T = T x . As σNi(T )
∼= T , if t, t′ ∈ T then tx = t′ if and only if σNi(t)
x = σNi(t
′). As σNi(T )
is non-abelian simple, conjugation by x induces a non-trivial automorphism of σNi(T ). Thus it must
induce a non-trivial automorphism of T as well. However if σNj (T ) is non-trivial for some j 6= i , then
x centralises σNj (T )
∼= T and so, as shown by a similar argument, conjugation by x induces a trivial
automorphism of T . Thus σNj (T ) is trivial for all j 6= i , and T 6 Ni as claimed. Thus each simple
direct factor of M is contained in some Ni and it follows that (2) holds. In this case, therefore, E is
M -normal, so M =
∏
Γ∈E M
Γ . Since G is transitive on the simple direct factors of M , it follows that
G is transitive on E .
Thus we may assume that M 6 N , so M ∩ N = 1, by minimality of M . As both M and N are
transitive, we have that they are both regular and, for a fixed ω ∈ Ω, the map ϑ : N →M given by
xϑ = y−1 if and only if ωx = ωy
is an isomorphism between N and M . For each i set Mi = Niϑ and Mi = Niϑ . Since ϑ is an
isomorphism, M = M1 × · · · × Mℓ . Also by the definition of ϑ , the Mi -orbits are the same as the
Ni -orbits, and by Lemma 3.1(d) the Mi -orbits form the partition Γi . Thus M
Γi = (Mi)
Γi . If Ki is
the kernel of the action of Mi on Γi , then Kiϑ
−1 (by the definition of ϑ) also acts trivially on Γi , and
hence lies in N(Γi) = Ni . However Kiϑ
−1 6 Ni , so Kiϑ
−1 6 Ni ∩Ni = 1, whence also Ki = 1. Hence
MΓi = Mi , and M =
∏ℓ
i=1M
Γi , so E is M -normal. As M is a minimal normal subgroup of G , the
conjugation action by G on the MΓi is transitive, and hence G is transitive on E . 
Motivated partly by Theorem 3.2, we now introduce the class of innately transitive permutation groups.
A finite permutation group is said to be innately transitive if it has a transitive minimal normal subgroup
(see [BamP04] for a comprehensive study of these groups). In particular, primitive and quasiprimitive
groups are innately transitive. In [BPS05] we introduced six disjoint classes of transitive Cartesian
decompositions that may be preserved by an innately transitive group. Theorem 3.2 has the following
consequence: if E is a transitive G-invariant normal Cartesian decomposition, for an innately transitive
group G , then E belongs to one of only two of the six classes in [BPS05], namely CDS(G) or CD1(G)
(see [BPS05] for the notation). Moreover, the Cartesian decompositions in these two families are normal.
This simple observation will be refined somewhat in Theorem 6.1(d).
Suppose that E is a G-invariant Cartesian decomposition for some permutation group G . We say
that E is a blow-up decomposition for G if E is transitive and it is M -normal for some transitive normal
subgroup M of G such that, for all Γ ∈ E , we have MΓ = Soc(GΓ).
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The concept of a ‘blow-up’ is due to Kova´cs [Kov89a]. In the above we have simply translated his
definition to the current context. The terminology ‘blow-up’ is intended to stress the intuitive idea that
a permutation group G on a set Ω with a blow-up decomposition E is simply a ‘blown-up’ version of
the smaller permutation group GΓ for Γ ∈ E ; thus we talk of G as being a ‘blow-up’ of its components.
Likewise, if E is a Cartesian decomposition, then there is a sense in which G can be thought of as being
constructed from its components (which are necessarily groups smaller than G), although in general the
relationship between G and its components is not as strong as in the blow-up case.
4. Components and blow-up decompositions in quasiprimitive groups
The aim of this section is to study the relationship between a quasiprimitive permutation group and
its components under a blow-up decomposition.
Lemma 4.1. Let G be a permutation group on a set Ω and suppose that E is a blow-up decomposition for
G such that, for Γ ∈ E , GΓ is quasiprimitive on Γ . Suppose further that either Soc(GΓ) is non-abelian
or G is quasiprimitive. Then the rule K 7→ KΓ defines a bijection from the set of minimal normal
subgroups of G to the set of minimal normal subgroups of GΓ .
Proof. To prove this we adapt the argument preceding [Kov89a, (2.1)]. Set H = GΓ , M = SocH , and
ℓ = |E| . As explained in Section 3, we may assume without loss of generality that G is a subgroup of
the wreath product W = H ı Sℓ in its product action on Γℓ , and (since E is a blow-up decomposition)
that G contains M ℓ = (SocH)ℓ . Since GΓ is quasiprimitive, CH(M) 6 M . It follows easily that
CW (M
ℓ) 6M ℓ . Thus each minimal normal subgroup of G must lie in M ℓ , and hence must lie in G(E) .
If M is non-abelian, then M , and also M ℓ , is a direct product of non-abelian simple groups. Given
that M ℓ 6 G , we deduce that each minimal normal subgroup of G is a direct product of the G-conjugates
of some simple direct factor of M ℓ . Since G is transitive on E , the projection of G onto the top group
Sℓ of the wreath product W is a transitive subgroup of Sℓ . Thus each minimal normal subgroup K
of G is of the form Kℓ0 , where K0 is a characteristically simple normal subgroup of H . Moreover, the
minimality of K implies that H = GΓ is transitive on the simple direct factors of K0 , and so K0 = K
Γ
is a minimal normal subgroup of H . Conversely for each minimal normal subgroup K0 of H , K
ℓ
0 is a
minimal normal subgroup of G .
If M is abelian then, by assumption, in this case, G is quasiprimitive. Moreover G has a minimal
normal subgroup contained in M ℓ that is abelian, and hence G is quasiprimitive of type HA. This implies
that G is primitive. We now apply [Kov89a, (2.1)] directly to deduce that SocG = M ℓ . As both G
and H are now quasiprimitive with an abelian socle, they both have a unique minimal normal subgroup,
namely SocG and M respectively. This gives the required result. 
Corollary 4.2. Suppose that G is a permutation group on Ω and E is a blow-up decomposition for G .
Let Γ0 ∈ E .
(i) If G is quasiprimitive then the component GΓ0 is quasiprimitive and SocG =
∏
Γ∈E Soc(G
Γ) .
(ii) If the component GΓ0 is quasiprimitive and Soc(GΓ0) is non-abelian, then G is quasiprimitive.
Proof. (i) Set H = GΓ0 and ℓ = |E| . We may assume that G is a quasiprimitive subgroup of the
wreath product H ı Sℓ in its product action on (Γ0)ℓ . Since, E is a blow-up decomposition, G contains
(SocH)ℓ . If H is not quasiprimitive, then there exists a minimal normal subgroup K of H with K
intransitive on Γ0 . Then K
ℓ 6 (SocH)ℓ and Kℓ is a normal subgroup of H ı Sℓ contained in G and is
intransitive on (Γ0)
ℓ . This contradicts the quasiprimitivity of G . Hence H is quasiprimitive. Then by
Lemma 4.1, for a minimal normal subgroup K of G , KΓ0 is a minimal normal subgroup of GΓ0 which
implies the assertion.
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(ii) By Lemma 4.1, a minimal normal subgroup of G is of the form
∏
Γ∈E K
Γ where, for each Γ, KΓ
is a minimal normal subgroup of GΓ . Since, for Γ ∈ E , the group GΓ is quasiprimitive, KΓ is transitive
on Γ, and hence
∏
Γ∈E K
Γ is transitive on Ω. 
We interpret the previous results as saying that, given a group G with a blow-up decomposition, the
structure of the socle of G is strongly related to the structure of the socles of the components of G .
Also there is a strong link between possible quasiprimitivity of G and of its components. The following
example shows the necessity of the restriction that Soc(GΓ0) cannot be abelian in Corollary 4.2(ii).
Example 4.3. Suppose that H = 〈(1, 2, 3)〉 acting on Γ = {1, 2, 3} and let G = H ı D8 where D8 is
the dihedral group acting on the set {1, 2, 3, 4} preserving the block system {{1, 2}, {3, 4}} . We consider
G as a permutation group acting in product action on Γ4 . Then GΓ = H , and so GΓ is quasiprimitive
with a unique minimal normal subgroup (namely itself). On the other hand G has three minimal normal
subgroups
M1 = {(x, x, x, x) | x ∈ H};
M2 = {(x, x, x
2, x2) | x ∈ H};
M3 = {(x, x
2, y, y2) | x, y ∈ H}.
and (M1)
Γ = (M2)
Γ = (M3)
Γ = H . So G is not quasiprimitive, and hence the condition in Corol-
lary 4.2(ii) that Soc(GΓ0) is non-abelian is necessary. This example also shows that the correspondence
M 7→MΓ in Lemma 4.1 is not always one-to-one if Soc(GΓ) is abelian but G is not quasiprimitive.
The statement of the primitive analogue of Corollary 4.2, can be obtained by replacing all occurrences
of “quasiprimitive” by “primitive”, and the single occurrence of “non-abelian” by “non-regular” in the
statements of these theorems. The validity of these analogues follows from [Kov89a, Theorem 1 and
(2.1)]. Given that for primitive groups the restriction to non-regular socle is a stronger condition than
the restriction to non-abelian socle, we see that the concept of a blow-up in fact behaves better with
respect to quasiprimitivity than it does to primitivity.
5. Normal decompositions and blow-up decompositions
The observant reader may ask whether, for a permutation group G , it is possible that a transitive,
G-invariant, normal decomposition with quasiprimitive components is not a blow-up. This question is
answered by the results of this section.
Suppose that G 6 SymΩ is a finite permutation group with a non-abelian, non-simple, regular,
minimal normal subgroup M1 . The centraliser CSymΩ(M1) is isomorphic to M1 , and so it is isomorphic
to T k where T is a non-abelian finite simple group, and k > 2. If CG(M1) is a proper subdirect
subgroup of CSymΩ(M1), then, using the terminology of [BamP04], G is said to be an innately transitive
group of diagonal quotient type. In this case G has two minimal normal subgroups M1 and N1 where
M1 ∼= T
k and N1 ∼= T
k/m for some divisor m of k such that 1 < m 6 k . Further, N1 is semiregular
and intransitive, and, in particular, G is not quasiprimitive.
Theorem 5.1. Let G be a permutation group on a set Ω and suppose that E is a transitive, normal,
G-invariant Cartesian decomposition of Ω , and that, for Γ ∈ E , the component GΓ is quasiprimitive.
Then exactly one of the following possibilities holds.
(1) E is a blow-up decomposition.
(2) G is quasiprimitive of type Tw and GΓ is primitive of type HS or HC.
(3) G is innately transitive with diagonal quotient type and GΓ is primitive of type HC or HS.
Proof. Set H = GΓ and ℓ = |E| . We may assume that G is a subgroup of H ı Sℓ in its product action on
Γℓ . As E is a normal Cartesian decomposition, there exists a transitive normal subgroup M of G such
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that M 6 G(E) 6 H
ℓ and M = (MΓ)ℓ . If SocH 6 MΓ , then by the transitivity of G on E , we have
(SocH)ℓ 6 G . Hence E is a blow-up decomposition and part (i) holds. Assume now that SocH 6 MΓ .
As MΓ is normal in H , it follows that H has at least two minimal normal subgroups. As discussed in
Section 2, the group H is primitive of type HS or HC, and H has exactly two minimal normal subgroups
M1 , N1 , both regular, non-abelian and transitive on Γ. Without loss of generality we may assume that
M1 6 M
Γ . Then (M1)
ℓ 6 G and therefore, by definition, E is (M1)
ℓ -normal, so we may assume that
M = (M1)
ℓ . Thus M is a regular non-abelian minimal normal subgroup of G . Let C = CSymΩ(M) and
note that SocG 6 M × C . By [DM96, Theorem 4.3B], C ∼= M . Since N1 = CSymΓ(M1) 6 H , we have
C = (N1)
ℓ 6 H ı Sℓ ; therefore Soc(H ı Sℓ) =M × C . We may write C =
∏
s∈S Ts , where S is a set of
size kℓ , and each Ts is isomorphic to a non-abelian simple group T . As H = G
Γ is transitive on the set
of minimal normal subgroups of N1 = C
Γ and G is transitive on E , we have that G induces a transitive
permutation group on S of degree kℓ . If C 6 G then SocG = M × C , and so G is quasiprimitive
with two minimal normal subgroups. In this case Soc(GΓ) = M1 ×N1 and (Soc(G
Γ))ℓ = M × C 6 G .
Therefore E is a blow-up decomposition and part (i) holds. If C ∩G = 1 then G has a unique minimal
normal subgroup, which is regular. Therefore G is quasiprimitive of type Tw and part (ii) holds.
Thus we may assume that 1 < C ∩G < C . In this case 1 6= (C ∩G)Γ✁GΓ and (C ∩G)Γ 6 CΓ . Since
GΓ is quasiprimitive, (C∩G)Γ must be transitive. Recall that CΓ is regular. Thus (C∩G)Γ = CΓ ∼= T k ,
and also N = C ∩ G = CG(M) 6= 1. Therefore, N is a proper subdirect subgroup of C where C is
viewed as a direct product of its minimal normal subgroups, and hence N is a direct product of full
diagonal subgroups. Thus G is innately transitive with diagonal quotient type.
These possibilities are mutually exclusive. For if E is a blow-up and SocG is non-abelian then the
other two possibilities cannot occur, by Corollary 4.2. On the other hand, if SocG is abelian then only
possibility (i) can occur. 
We construct an example to show that the situation described by Theorem 5.1(iii) is possible.
Example 5.2. Let T be a non-abelian finite simple group, let H be any subgroup of the holomorph
Hol(T k) = T k ⋊ Aut (T k) = T k ⋊ (Aut(T ) ı Sk)
such that H has two minimal normal subgroups M1 and N1 where M1 ∼= N1 ∼= T
k . Then H , considered
as a permutation group on Γ = T k , is a primitive group of type HS if k = 1 or type HC if k > 2. Let
ℓ > 2, and let G be a subgroup of H ı Sℓ in its product action on Ω = Γℓ , such that G contains
M ℓ1
∼= (T k)ℓ , a regular normal subgroup, and G = M ℓ1(Hδ × Sℓ ) where δ is the diagonal embedding
δ : H → Hℓ defined by hδ = (h, . . . , h). Then SocG =M ℓ1×N1δ , and, in addition, N1δ is a semiregular
and intransitive minimal normal subgroup of G . Thus G is innately transitive with diagonal quotient
type in its action on Γℓ . Moreover, the component of G induced on Γ is H , which is primitive.
Theorem 5.1 demonstrates that the quasiprimitivity of the components of a transitive normal Cartesian
decomposition for G often implies that G also is quasiprimitive. More precisely, the following result is
valid.
Corollary 5.3. Suppose that G 6 SymΩ is a permutation group and E is a transitive, normal G-
invariant Cartesian decomposition of Ω such that, for Γ ∈ E , the component GΓ is quasiprimitive but
not of type HA, HS or HC. Then E is a blow-up decomposition and G is a quasiprimitive group.
Proof. As the type of a component is not HS or HC, it follows from Theorem 5.1 that E is a blow-up
decomposition. Then Corollary 4.2(ii) implies that G is quasiprimitive. 
Next in this section we present a sufficient and necessary condition to decide if a transitive Cartesian
decomposition is a blow-up decomposition.
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Theorem 5.4. Let G be a quasiprimitive permutation group acting on a set Ω and let E be a transitive
G-invariant Cartesian decomposition of Ω . Then E is a blow-up decomposition if and only if E is
(SocG)-normal and, for Γ ∈ E , CGΓ((SocG)
Γ) 6 (SocG)Γ .
Proof. Set H = GΓ , ℓ = |E| , and M = SocG . We may assume that G is a subgroup of H ı Sℓ in its
product action on Γℓ . If E is a blow-up decomposition, then, by Corollary 4.2(i), M = (SocH)ℓ . In
particular, E is M -normal and MΓ = SocH . Furthermore, Corollary 4.2(i) implies that the component
H is quasiprimitive whence we have CH(M
Γ) 6MΓ as required.
Conversely, assume that E is M -normal, and that the centraliser CH(M
Γ) is contained in MΓ . By
the definition of a blow-up it is enough to show that MΓ = SocH . If M is abelian then G is of type HA
and M is the unique minimal normal subgroup of G . We also know that M is regular and elementary
abelian, hence so is MΓ . As MΓ ✂ H we must have that H 6 Hol(MΓ), the normaliser of MΓ in
SymΓ. The subgroup MΓ must be a minimal normal subgroup of H , for if N < MΓ and N ✂H , then
N ℓ < M is a normal subgroup of G properly contained in M , which is impossible by the minimality of
M . Therefore H is primitive of type HA on Γ and MΓ = SocH .
Thus we may assume that M is non-abelian. Then MΓ , which is a homomorphic image of M , is the
direct product of non-abelian simple groups and so MΓ is necessarily a direct product of minimal normal
subgroups of H . However, as CH(M
Γ) 6 MΓ it follows that MΓ must contain all minimal normal
subgroups of H , whence MΓ = SocH as required. 
We end this section with an example to show that a quasiprimitive group may have non-quasiprimitive
components with respect to a normal Cartesian decomposition.
Example 5.5. Let T be a non-abelian finite simple group and let P be a finite group with a core-free
subgroup Q and a homomorphism ϕ : Q→ AutT such that ϕ induces a non-trivial, proper subgroup R
of InnT . Then the twisted wreath product W = T ıϕ P is a quasiprimitive permutation group acting on
Ω = T |P :Q| ; see [Bad93]. Further, the natural Cartesian decomposition of Ω is clearly (SocW )-normal.
However, a component of W has a regular minimal normal subgroup isomorphic to T , and an intransitive
normal subgroup isomorphic to R . Thus a component of W is not quasiprimitive.
6. Inclusions of quasiprimitive groups
In [BadP03] the first two authors studied inclusions of quasiprimitive groups into primitive ones. The
description of such inclusions in the case when the primitive group has type PA relied on the following
theorem, which was stated without proof in [BadP03, Theorem 4.7]. Here we give the first published
proof. Recall that a Cartesian decomposition E is homogeneous if |Γ| is the same for all Γ ∈ E .
Theorem 6.1. If G 6 SymΩ is a transitive permutation group, E is a homogeneous G-invariant
Cartesian decomposition of Ω , and Γ0 ∈ E , then the following all hold.
(a) If E is a blow-up decomposition and G is quasiprimitive on Ω then the component GΓ0 is
quasiprimitive and SocG =
∏
Γ∈E Soc(G
Γ) .
(b) If E is a blow-up decomposition and the component GΓ0 is quasiprimitive on Γ0 not of type HA
then G is quasiprimitive on Ω and SocG =
∏
Γ∈E Soc(G
Γ) .
(c) The group G is not quasiprimitive of type Sd.
(d) If G is quasiprimitive of type Cd then E is a blow-up decomposition and the component GΓ0 is
quasiprimitive of type Sd or Cd.
Proof. Parts (a) and (b) follow from Corollary 4.2. By [BPS05, Corollary 1.3], quasiprimitive groups of
type Sd do not preserve Cartesian decompositions, and so part (c) also holds.
Let us now prove part (d). Suppose that G is a quasiprimitive group of type Cd. Let M denote the
socle of G . Then M is a minimal normal subgroup of G . Hence M is a non-abelian characteristically
simple group and so M = T k where T is a non-abelian finite simple group. Moreover, a point stabiliser
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Mω is a subdirect subgroup of M . It follows from [BPS05, Theorem 1.2(c)] that E is M -normal and
that G is transitive on E . Thus M may be written as M =
∏
Γ∈E M
Γ . Further, for Γ ∈ E , the
subgroups MΓ are permuted by G . By Lemma 3.1, the partition Γ is the set of MΓ -orbits of Ω, and
so GΓ = NG
(
MΓ
)
= NG
(
MΓ
)
. The subgroup MΓ is a transitive minimal normal subgroup of GΓ . As
a point stabiliser in MΓ is a subdirect subgroup, we obtain from [BamP04, Proposition 5.5] that GΓ is
quasiprimitive of type Sd or Cd. Therefore Theorem 5.1 implies that E is a blow-up decomposition. 
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